Abstract. To a B-coring and a (B, A)-bimodule that is finitely generated and projective as a right A-module an A-coring is associated. This new coring is termed a base ring extension of a coring by a module. We study how the properties of a bimodule such as separability and the Frobenius properties are reflected in the induced base ring extension coring. Any bimodule that is finitely generated and projective on one side, together with a map of corings over the same base ring, leads to the notion of a module-morphism, which extends the notion of a morphism of corings (over different base rings). A module-morphism of corings induces functors between the categories of comodules. These functors are termed pull-back and push-out functors respectively and thus relate categories of comodules of different corings. We study when the pull-back functor is fully faithful and when it is an equivalence. A generalised descent associated to a morphism of corings is introduced. We define a category of module-morphisms, and show that push-out functors are naturally isomorphic to each other if and only if the corresponding module-morphisms are mutually isomorphic. Finally, we introduce a tensor product of module-morphisms and construct a bicategory of corings in which corings are 0-cells and module-morphisms are 1-cells.
This is the most fundamental example of a bicategory, and provides the ideal set-up for studying problems such as Morita theory. The aim of this paper is to show that there is a bicategory in which objects are corings.
Our motivation for introducing the bicategory of corings is twofold, deeply rooted in non-commutative geometry. First, it appears that there is a growing appreciation for the language of bicategories in non-commutative geometry. For example, in a recent paper [19] Yu. I. Manin argues that the classification of vector bundles over the non-commutative torus (or the K-theory of this torus) is best explained in terms of a Morita bicategory associated with this torus. This particular example of the role that bicategories play in non-commutative geometry can be seen in a much wider context, as bicategories appear very naturally in quantisation of Poisson manifolds in terms of C * -algebras or in the theory of von Neumann algebras [18] .
Second motivation originates from the appearance of corings in non-commutative algebraic geometry. Here corings feature in two different ways. On one hand, if an A-coring C is flat as a left A-module, then the category of its right comodules is a Grothendieck category, hence a non-commutative space or a non-commutative quasi-scheme in the sense of Van den Bergh [26] and Rosenberg [21] [22] . Natural isomorphism classes of functors between Grothendieck categories play the role of maps between non-commutative spaces (cf. [23] ). In relation to corings, one needs to consider bimodules between corings that induce functors between corresponding comodule categories. Natural maps between these functors arise from morphisms between corresponding bimodules. To study all these structures in a unified way one is led to constructing a bicategory. In another approach to non-commutative algebraic geometry, certain classes of corings appear as covers of non-commutative spaces [17] . Bimodules between corings can then be understood as a change of cover of the underlying space. The change of cover affects the corresponding quasi-scheme,
i.e., the category of comodules. Again to study these effects in a uniform way, one should study a bicategory in which corings are 0-cells.
We believe that the bicategory of corings that we introduce in the present paper is worth studying on its own, and that it is as fundamental as the bicategory of rings. However, our presentation and the choice of topics for the present paper are motivated by the above geometric interpretation. Thus we begin by defining of a base extension of a coring by a bimodule (a 'change of cover'). We study in what way properties of a bimodule such as separabality and the Frobenius property are reflected by the resulting base extension coring. Using this base extension we define a module-morphism of corings as a pair consisting of a bimodule that is finitely generated and projective as a right module, and of a coring map. This is a 1-cell of the bicategory that we construct. We introduce two functors between categories of comodules induced by a module-morphism. Following the geometric interpretation these are called a push-out and a pull-back functors. In Section 4 we determine when these functors are inverse equivalences, and also we define and give basic properties of a generalised descent associated to a morphism of corings. In Section 5 we define a category of module-morphisms, and we show that morphisms in this category control the relationship between push-out functors induced by different module-morphisms.
Finally in Section 6 we construct a tensor product of module-morphisms and thus complete the construction of the bicategory of corings.
Notation and preliminaries.
We work over a commutative ring k with a unit. All algebras are over k, associative and with a unit. The identity morphism for an object V is also denoted by V . For a ring (algebra) R, the category of right R-modules and right R-linear maps is denoted by M R . Symmetric notation is used for left modules. As is customary, we often write M R to indicate that M is a right R-module, etc. When needed, a right action of R on M R is denoted by ̺ M and the left action of R on R N is denoted by N ̺. On elements, the actions are denoted by juxtaposition. The dual module of M R is denoted by M * , while the dual of R N is denoted by * N. The product in the endomorphism ring of a right module (comodule)
is given by composition of maps, while the product in the endomorphism ring of a left module (comodule) is given by opposite composition (we always write argument to the right of a function).
Let A be an algebra. A coproduct in an A-coring C is denoted by ∆ C : C → C⊗ A C, and the counit is denoted by ε C : C → A. To indicate the action of ∆ C on elements we use the Sweedler sigma notation, i.e., for all c ∈ C,
etc. Gothic capital letters always denote corings. To indicate that C is an A-coring we often write (C : A). The category of right C-comodules and right C-colinear maps is denoted by M C . Recall that M C is built upon the category of right A-modules, in the sense that there is a forgetful functor M C → M A . In particular, any right C-comodule is also a right A-module, and any right C-comodule map is right A-linear.
For a right C-comodule M, ̺ M : M → M⊗ A C denotes a coaction, and Hom
is the k-module of C-colinear maps M → N. On elements, ̺ M is denoted by the (1) . Symmetric notation is used for left Ccomodules. In particular, the coaction of a left C-comodule N is denoted by N ̺, and, on elements, by
For any A-coring C, the dual module C * = Hom −A (C, A) is a k-algebra with the product f * g(c) = f (g(c (1) )c (2) ) and unit ε C . This is known as a right dual ring of C. Similarly, the dual module * C = Hom A− (C, A) is a k-algebra with the product (2) )) and unit ε C . This is known as a left dual ring of C. The
The category of
A-corings is denoted by A-Crg
If D is a B-coring and α : B → A is an algebra map, then one views A as a B-bimodule via α and defines an A-coring structure on the A-bimodule B) → (C : A) is a pair (γ, α), where α : B → A is an algebra map and γ : D → C is a B-bimodule map such that the induced mapγ :
is a morphism of A-corings. The category of corings is denoted by Crg.
Given a right C-comodule M and a left C-comodule N one defines a cotensor product M2 C N by the following exact sequence of k-modules:
Suppose that C is flat as a left A-module. A left C-comodule N is said to be coflat (resp. faithfully coflat), if the cotensor functor −2 C N : M C → M k preserves (resp. preserves and reflects) exact sequences in M C .
A detailed account of the theory of corings and comodules can be found in [5] .
Base ring extensions by modules
Base ring extensions of corings described in the introduction correspond to extensions of base rings, i.e., to ring maps. Since the work of Sugano [24] , it has become clear that a more general and unifying framework for studying ring extensions is provided by bimodules rather than ring maps. In this section we describe a base extension of corings provided by a bimodule and also study properties of modules reflected by the base extensions of corings. is an A-coring with a coproduct
and a counit On the other hand, one can give a more conceptual proof as follows. Start with the following adjunctions
where U B is the forgetful functor. This gives rise to the composite adjunction
and unit of this last adjunction come out as, respectively, 
Henceforth, the discussion of [9, Section 5] implies that the coendomorphism A-coring
This is precisely the coring constructed in the theorem, and the form of the unit and the counit of the defining adjunction implies immediately the stated form of the coproduct and counit. ⊔ ⊓ Examples of base ring extensions of a coring by a module include both base ring extensions and comatrix corings. In the former case, given an algebra map α : B → A one views A as a (B, A)-bimodule via α and multiplication in A, i.e., baa
Obviously, A is a finitely generated and projective right A-module, and the identification of A with its dual A * immediately shows that if
. To obtain a comatrix coring, take D to be the trivial B-coring B.
Proposition 2.2. Let Σ be a (B, A)-bimodule that is finitely generated and projective as a right A-module.
(1) The assignment
: B-Crg→ A-Crg which commutes with coproducts.
(2) For any (C, B)-bimodule Ξ that is finitely generated and projective as a right
as functors.
Proof. with coproducts is an easy consequence of the fact that tensor products commute with direct sums, and that the comultiplication of a direct sum (coproduct) of corings over a given ring is defined "componentwise".
(2) For any C-coring D, consider the (A, A)-bimodule isomorphism
that is finitely generated and projective as a right A-module. Let {f k , f * k } k be a dual basis for Ξ B and let {e i , e * i } i be a dual basis for Σ A . Then
This proves that
of A-corings. In terms of the finite dual bases for Σ A and Ξ B , the (A, A)-bilinear inverse of φ Σ,Ξ,D is given explicitly by 
and the left coaction
Proof. Again this is proven by elementary calculations that use the properties of dual bases and the fact that D is a D-bicomodule with the coaction given by the coproduct. ⊔ ⊓
Properties reflected by base ring extensions.
In [4] it has been studied how properties of bimodules are reflected by the associated finite comatrix corings.
The aim of this section is to study such reflection of properties by the base ring extensions of corings by bimodules. As a consequence we obtain a generalisation of the main results of [4] .
Following [24] , a (B, A)-bimodule Σ is said to be a separable bimodule, if the evaluation map
is a split epimorphism of (B, B)-bimodules. Furthermore, recall from [1] and [14] that Σ is said to be a Frobenius bimodule if B Σ and Σ A are finitely generated projective modules, and Σ * ≃ * Σ as (A, B)-bimodules.
An A-coring C is said to be a Frobenius coring if the forgetful functor U A : M C → M A is a Frobenius functor in the sense of [6] and [7] (cf. [2] and [3] for more details and other equivalent characterisations of a Frobenius coring). An A-coring C is said to be a cosplit coring if and only if ε C is a split epimorphism of (A, A)-bimodules.
Equivalently, C is a cosplit coring if there exists an invariant element c ∈ C (i.e., ac = ca, for all a ∈ A) such that ε C (c) = 1 A . An A-coring C is called a coseparable coring if and only if ∆ C is a split monomorphism of C-bicomodules (cf. [13] and [12] for more details on coseparable corings).
Take a (B, A)-bimodule Σ that is finitely generated and projective as a right Amodule with a finite dual basis {e i , e * i } i , and consider its right endomorphism ring S = End −A (Σ). Then there is a canonical isomorphism of (S, S)- 
Take any s * ∈ Σ * , s ∈ Σ and d ∈ D and compute
′ ∈ D and s,s ∈ Σ, and compute
To derive this equality we have used the right D-colinearity of ∇ D . This proves that (2) Consider the composition of A-bilinear maps θ :
where the first map is a splitting of the evaluation map that is provided by the 
where the last isomorphism is a consequence of the fact that both B D and B Σ are finitely generated and projective modules. 
where the second isomorphism follows from the fact that Σ A is a finitely generated and projective module. One easily checks that all these isomorphisms are (A, R)- 
Therefore, [9, Theorem 4.4] implies that Σ[D] is a cosemisimple A-coring.
Module-morphisms and push-out and pull-back functors
Following the general strategy of replacing algebra maps by bimodules one arrives at the following generalisation of the notion of a coring morphism. (2) Let C be an A-coring and let M be a right C-comodule that is finitely generated and projective as a right A-module. Let B be the endomorphism ring B = End
is an A-coring map (cf. [5, 18.26 (3) One can extend the preceding example as follows. Let C be an A-coring and let M be a right C-comodule that is finitely generated and projective as a right A-module.
Let B be the endomorphism ring B = End
Take any B-coring D. Then
Proof. Example (1) 
where f is uniquely determined by the universal property of the kernel ω / / I i w w n n n n n n n n n n n n n n n n n n n n n n n n
g g P P P P P P P P P P P P P P P P P P P P P P P P In conclusion, any module-morphism (D:B) Σ (C:A) induces a functor
• ̺ ′ and explicitly comes out as
where {e i , e * i } is a dual basis of Σ A . The functor Σ • is called a (right) push-out functor. Similarly, (D:B) Σ (C:A) induces a (left) push-out functor
Explicitly, the left C-coaction reads, for all s * ∈ Σ * and n ∈ N,
In particular, in view of Lemma 2. 
The functor Σ • is called a (right) pull-back functor associated to a right pure module-
In a similar way one defines a left pure morphism and a (left) pull-back functor.
There is an obvious left-right symmetry, hence we restrict ourselves to right pure morphisms and (right) pull-back functors. 
where {e i , e * i } is a dual basis of Σ A . Clearly, the map η M is well-defined and it immediately follows from the definitions of the coactions on Σ 
The second equality follows, since f is a morphism of right D-comodules. Thus we have constructed a natural map η :
• that will be shown to be the unit of the adjunction. Now, for any N ∈ M C , consider a right A-module map
First we need to check whether the map ψ N is a morphism in the category of right
The final equality is a consequence of the left A-linearity of σ and the dual basis
Using this equality, the A-linearity of σ and the properties of a dual basis, we can compute
Therefore ψ N is a right C-comodule map as required. Thus for any right C-comodule
Noting that any right C-comodule map is necessarily a right A-module map, one easily checks that the map ψ N is natural in N, i.e., the collection of all the ψ N defines a morphism of functors ψ :
Finally, we need to show that η and ψ are the unit and counit respectively, i.e.,
To verify the first equality, take any m ∈ M and s ∈ Σ, and compute,
where the penultimate equality is a consequence of the properties of a dual basis.
Finally, take any
where the final equality follows from the properties of a dual basis. ⊔ ⊓ 
To write out the inverses of the Ω M,N explicitly, take anyφ ∈ Hom
and m ∈ M, and writeφ(m) = φ (m) [1] ⊗ Aφ (m) [2] ⊗ Bφ (m) [3] . Then, for all s ∈ Σ, [2] (ε D (φ(m) [3] )s). 
as k-modules. ,
and for allφ ∈ Hom
The second isomorphism follows from Hom 
We need to check if this isomorphism is an algebra map. For any φ ∈ End
In particular Θ maps the identity morphism in
(2) , so that
Taking this into account we can compute, for all φ, φ
Thus we conclude that Θ is an algebra map as required. ⊔ ⊓
In case D = B, Corollary 3.6 implies that the ring of endomorphisms of the right Bmodule Σ * is isomorphic to the right dual ring of the corresponding comatrix coring.
This is a right-handed version of one of the assertions in [9, Proposition 2.1].
Equivalences induced by push-out and pull-back functors
In this section we study when the push-out functor is an equivalence. In terms of the non-commutative algebraic geometry, this is a problem of determining which are admissible changes of covers (a change of cover of a non-commutative space should not change the space, i.e., the associated category of sheaves). Proof. First note that since B D is flat, Σ is a right pure module-morphism so that the pull-back functor is well-defined. Furthermore, M D is a Grothendieck category.
(
Consider an exact sequence 0
A Σ * and B D are flat, the above sequence yields and exact sequence
of right D-comodules. The coflatness of D⊗ B Σ then produces an exact sequence 
The top row is the defining sequence of a cotensor product tensored with B Σ, hence it is exact (for D⊗ B Σ is coflat). The bottom row is exact by the coassociativity of the coaction. Since σ is an isomorphism of right C-comodules, so are the second and third vertical maps. This implies that the counit of the adjunction ψ N is an isomorphism of right C-comodules. Thus the pull-back functor Σ • is full and faithful.
(2) If Σ • is a full and faithful functor, the counit ψ N is an isomorphism of right
isomorphism of right C-comodules. Using the definitions of the left coaction
̺ in equation (3.5) and of ψ C from the proof of Theorem 3.3, we can compute, for all
composition of isomorphisms, hence also an isomorphism (of right C-comodules).
The inverse of σ comes out as σ
C is a right C-comodule map,
(2) ⊗ B c [4] ).
to this equality we obtain
Furthermore, note that, in view of the definition of ψ C ,
so that
This completes the proof that σ −1 is an A-coring map, i.e., σ is an isomorphism of A-corings as required. ⊔ ⊓ 
is the adjunction isomorphism given in equation (3.7). Observe that there is an isomorphism
obtained as the following composition of isomorphisms:
The last isomorphism is the consequence of the fact that D ⊗ B Σ is a (faithfully)
coflat left D-comodule. In this way we are led to the following commutative diagram 
is an equivalence of categories with the inverse 
In particular, if
Proof 
Here σ 
is a commutative diagram. Descent data associated to a coring morphism (γ, α) and their morphisms form a category called the category of right descent data associated to (γ, α) and denoted by Desc (γ,α) .
Proof. The isomorphism of categories is provided by the following two functors.
Given any right
It is clear that (X, ρ 
is an equivalence of categories.
where {e j , e * j } is a dual basis of Σ and {ẽ i ,ẽ * i } is a dual basis of Σ. The identity morphism of (D:B) Σ (C:A) is given by ε Σ [D] and the composition
is given by a map
This rather cumbersome definition is modelled on the definition of a category Rep(D : Proof. We need to construct a contravariant functor that is a bijection on objects and morphisms. Take any two module-morphisms (D:B) Σ (C:A) , (D:B) Σ (C:A) . Since Σ is a finitely generated and projective right A-module, there is a chain of isomorphisms
where {e i , e * i } is a dual basis of Σ A . The inverse of θ reads, for all s
s ∈ Σ and φ ∈ Hom
Here {ẽ i ,ẽ * i } is a dual basis of Σ A . Thus θ(f ) is a right C-comodule map and hence θ restricts to a map
Therefore, for all s
On the other hand, the fact that φ is a left D-comodule map implies that
This proves that for all φ ∈ Hom The aim of this section is to construct a tensor product between module-morphisms. This is then used to introduce a composition of 1-cells in the bicategory. The construction of the tensor product of module-morphisms is performed in two steps.
6.1. Tensor product of objects. Let C be an A-coring, D be a B-coring and E be a C-coring. Take This bicategory is called a bicategory of corings.
